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ABSTRACT 2

A novel associative memory is di6cussed which overcomes
the early saturation problem of Hopf%ﬁld memories, \without
resorting to dilute state vectors or/nonlocal learning rules.

/
The mem “y uses a Bldlrectlﬁnal Llnear Transformer QEPT) p
which transfor.. the bipolar inpdt vector X into a vector u,
which is a line : combination of Hadamard vectors. The matrix
of the BLT is of Hebbian fqu, equal to the sum of outer
products of stored vectors %x and Hadamard vectors q* . The
Hadamard vectors are considered to serve as labels for the
s*ored vectors. The BLT is followed by a Dominant Label
Selector (DLS), which flnds the dominant Hadamard component
in the linear combination W, and returns the associated
Hadamard vector to the BLT, to be processed in the BLT back-
stroke. This backstroke produces the stored vector closest to
the input x. The maximum number of stored vectors that can be
perfectly retrieved by associative recall is equal to the
dimension N of the BLT and DLS.

The present report deals with the DLS, which may be seen
as an associative memory which stores N orthogonal bipolar
vectors, the Hadamard vectors. A DLS architecture has been
found which gives perfect associative recall of these stored
vectors. The method involves a quadratic activation which, on
account of a group property of Hadamard vectors, requires no
more physical connections than a fully connected Hopfield
memory of the same dimension. i } o

The dynamics of this "quadratic Hadamard memory" is
investigated in the asynchronous discrete model. Stability is
assured, and it is shown in a long but simple proof that the
stable states of the memory are the Hadamard states and no
others.

Computer simulations performed for dimension N=16
are in agreement with the theory developed.

INTRODUCTION

Associative memories are to perform associative recall
of stored vectors. The simplest such memory that has fault
tolerance is the Hopfield memory [1], in which the connection

0
a

matrix is the sum of the outer products of the stored vectors,
with the diagonal removed. The problem with such memories is
early saturation. This problem can be circumvented by using
vectors with dilute information [2], or by employing a more

sophisticated connection matrix [3,4]. The former of these =
approaches makes inefficient use of dimension, and the latter ___
requires non-local learning rules, which complicate hardware ‘wdes

implementations. Bidirectional Associative Memories [5-7] by B

Ay |
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themselves do not solve the early saturation problem either

{8l.

The present DARPA SBIR project is an attempt to find an
approach to associative memories that overcomes the early
saturation problem in such a manner that efficient use is
made of dimension, local learning can be used, and hardware
implementations are simple. In Phase I of the project an
approach was outlined that showed promise for reaching these
objectives. It uses a modification of the Bidirectional
Associative Memory (BAM) in which the rear threshold opera-
tion is replaced by something we have called a Dominant Label
Selector (DLS). The idea is to choose backstates of the BAM
as orthonormal vectors, which we consider to be labels for
the stored frontstates. For any input state, the backstate of
the BAM 1is then a linear combination of these labels, and the
task of the DLS is to find the dominant label in this linear
combination, and return it to the BAM, to be used in its
backstroke. It is easy to see that the device performs per-
fect associative recall if the DLS works as required. To find
such a DLS is the main challenge of the project.

A solution to this problem has been found in the
present Phase II. The DLS conceived is an associative memory
with an activation that is quadratic, rather than the
customary linear (really, affine) function of the neuron
signals. This approach falls under what is known as "higher-
order neurons”, which has been discussed in broad terms in
the literature [{9-12]. There is the immediate practical
question about the large number of connections (Né% that
appears to be required in such a case, but fortunately, the
number of connections is found to have an upper bound of only

N?‘as for a Hopfield memory. The other practical question
pertains to the hardware implementation of the signal product
operation required in computing the quadratic activation.
This question needs further work, but it should be mentioned
already that we see a simple implementation by means of a
field effect transistor operating in the unsaturated region.

The DLS acts on linear combinations of orthonormal
labels, and returns the dominant label. Since the associative
memory considered is bipolar, the orthonormal labels are bi-
polar. The matrix of a complete orthonormal set of bipolar
vectors is known as a Hadamard matrix {13]. The DLS con-
sidered therefore may be called a "quadratic Hadamard memory".
This report is about such memories. The questions discussed
are stability and stable states, and the number of physical
connections. These questions are investigated in the asyn-
chronous discrete model.

In regard to conventions and notations, following Kosko
[14], we call the input and output of the threshold function
respectively the "activation" and the "signal" of the neuron.
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If a neuron does not perform thresholding, then the activa-
tion is defined as the result of the summing operation done
by the neuron.

The vectors X and ? are bipolar, i.e., all their compo-
nents are either 1 or -1.

In order to keep formulas simple, we have used the sum-
mation convention of tensor calculus where convenient. In
order to distinguish from unsummed expressions, the summation
convention has been used in its strict form [15]: in a
product, summation over a repeated index is implied only if
the index appears once as a subscript, and once as a super-

script. For instance, dav is summed, but u v is not.
a a qQ
Indices are used as follows. i, j, and k denote compo-
nents in input space. a, b, c and p denote components in the
space between the front end and the DLS, and also components
of DLS state vectors. o, 3, and ¥ are used to name stored
vectors ana Hadamard vectors. All indices range from 1 to N,
Indices are raised and lowered with the Kronecker delta

. Q .
as metric tensour, hence v and gL have the same numerical
value.

As a further simplification of appearance, 1 is often
written as + and -1 as -, when no confusion with composition
symbols can arise.

In the theorems, V¥ means "for all", 3 means "such that”,
—>> neans "implies", and <= means "is implied by".
¥ means "there exists".

SELECTIVE REFLEXIVE MEMORY (SRM)

The associative memory under discussion consists of
a front end followed by a Dominant Label Selector (DLS). The
front end is much like a Bidirectional Associative Memory
(BAM) [5]. However, there is no rear thresholding, and
therefore the device is given a separate name,
"Bidirectional Linear Transformer" (BLT). The BLT has thres-
holding of frontstates, as in the BAM. The whole machine, BLT
plus DLS, is called "Selective Reflexive Memory" (SRM), in
which "selective" indicates the selection of the dominant
label by the DLS, and "reflexive" alludes to the signals
passing back and forth through the BLT. The SRM is shown in
Fig. 1.

In the discrete model, the BLT performs a linear trans-
formation in both forward and backstrokes, the forward stroke
being

u = %6 X. ., (1)
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where the bipolar vector =, 1i= 1 to N, is the input vector,
[
and ug b=1 to N, is the ouput of the BLT. The backstroke

through the BLT gives
(_‘. 6 (..

W=y 36 (2)

in which y is the bipolar vector returned by the DLS to the
back of the BLT, and w®'s the resul®: of the backstroke,
appearing in front of the BLT. Subseguently, Z:is thresholded,

and the result is a bipolar vector x!. There is the option of

using x! to upgrade :the :inrut xé, as depicted in Fig. 2a, cor

!
<
to use it as ouput of the whole machine, as shown in Fig. 2b.
Note that the linear transformations in front and backstrokes
are the transpose of each other, just as in the BAM [5]. In
hardware, the BLT is conveniently implemented by a bidirec-
tional device capable of linear transformations of vectors,
such as the Goodman optical matrix-vector multiplier [17], or
an equivalent electronic device.

The connection matrix of the BLT is chosen as

S - S
Bé=- e} ’ (3)
b "
- . . -
where qd » =1 to N, are the stored vectors, and QK are
Hadamard vectors. In (3), i and b are component'indices. We

have chosen the same dimension N for the BLT front and rear
vector spaces, and have taken the number of stored states
equal to N as well. It will be clear from the theory how to
modify these choices if desired. The structure {3) of the BLT
connection matrix B is Hebbian, i.e., it can be built up
adaptively by Hebb learning. All adaption occurs in the BLT;
the DLS is a fixed device.

—
h

The Hadamard vectors 1 are rows of a Hadamard matrix,

i.e., an orthogonal matrix (up to a scalar factor) with
entries + or -. Material on Hadamard vectors used in this

report 1is shown in the Appendix. The Hadamard vector'ﬁ;

—
serves as a label for the stored state q . In its front
X

. . - -~ .-‘ 2 ]
stroke the BLT takes the X stored states d into certain
X

-
iinear combinations of the orthogonal vectors h .
o

—

The orthogonality of the ho(allows for a clean backstroke

—
through the BLT, in which a single label hx produces a single
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A -
stored state %“. The action of the SRM is as follows. Let the

%
input % be such that it is closest to stored vector g . The
BLT forward stroke gives, by (1) and (3), R

w= h;pq x.= %xhgé, (4)

-
where %K= X is the largest among the coefficients %x,

=3

.g . ¢C
< (? B
oA =1 to N. The vector u is presented to the input of the DLS,

which selects from the linear combination (4) the Hadamard
vector"ﬁg which appears with the largest coefficient. The DLS

returns ﬁk to the BLT, which performs the backstroke (2) with

the result ] y
L b cr“ ¢
= = = ’ 5
w h %é %1 hé q N q N%G (5)
where use has been made of (3) and (A2). Thresholding with
the signum function s then gives

%€= g(wt) = q ¢, (6)

I
which is, indeed, the stored vector that is closest to the
DLS input X

Hence, if the DLS works as required, the SRM performs
perfect associative recall of anyone of N stcred vectors.
There are then no spurious stable states, and the memory can
be loaded up fully to the dimension N. The question is, of
course, how to construct a DLS with the required performance.

DOMINANT LABEL SELECTOR (DLS)

The DLS must select, from an input

?6= c, H“é’, (7)
the dominant Hadamard vector T;b , i.e., the index @,is such
that ﬁ@ is maximum among the coefficients 2‘ in (7). Of
sourse, Eé,is then also the Hadamard vector with the largest
scalar product Tfii. Therefore, the DLS itself may be conl”

sidered an associative memory with stored states ﬁ . In those
X

terms, the DLS is to produce, from the input T of (7), the
closest stored state, o

One may think that, since the stored vectors are
orthogonal, a Hopfield memory will do fine in this case. That
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is not so. The Hopfield matrix (1] would be

b
s =r?‘h—ché, (8)

a4 Qa ol Q. é
but with (Al) this is zero. Leaving off the term N¢£ does

b
not help, since Hizg‘ is N times the identity operator, for
which any vector is an eigenvector. The same results are found
for any other complete orthonormal set of stored states, from

the Spectral Theorem [16].

We have found that a DLS with the regquired
properties may be obtained by using a gquadratic activation,

b ¢
o= + r i 9
a2 abe ¥ VT g (20

where the connection tensor Saéc is fully symmetric. The

last cerm in (9) may be seen either as exXternal .coupling to a
vector g% with coupling strength c, or as defining the

thresholds.

Neurons with activation (9) are a special case of the
higher order neurons considered in the literature [9-12]. In
the present discrete model, the upgrading of the output
signal of neuron b from g to yé is done asynchronously

according to the assignment

o= o+ if >0,
y'b i 2; 0

— et e

Yy = Y, if vg=0, (10)
YZ.= - if V(,<O'
The "energy" may be taken as
E=-(1/3)S yay‘yc—cr v &, (11)
abe L

which is a simple extension of the Hopfield energy [1].
Hopfield's argument showing that the energy cannot increase
in the discrete model is easily modified [10] for the case of
quadratic activation, as follows.

For a single Hamming step cﬁ?in the direction of the

pth coordinate the energy (11) changes by

o 26 ¢ arbre
iE_ S 4l y;‘} EVRES '{y —(1/a)s45ee}_'y“/{y‘/{y°—cg,%§*. (12)
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P Y
The Hamming step J& in the direction of coordinate p may be
written
dyizee, S* , (13)
S
where the sign factor e, =+-1 must be chosen such that the

- -
step %y keeps y in the hypercube. This requires that

e, =-y . (14)
a, ¢ —~Aa
In (13) A% is the Xronecker delta, so that %;=1 if p=a, and
otherwise zero. With (13) and (14), the energy increment (12)
due to a Hamming step in the p direction may be written

L ab gc a = a 5
c;E-—Saécyy %y _4S“f’f v o+ (8/3)}7’Sk‘,f' cra%;y . (19)

Substituting the activation (9) gives
a a
dE=-Vdy -15s v+ (8/3)s v, . (16)
A St Pee ¢

According to the upgrade scheme (10), %t{x& is either

positive or zero, so that the first term in (16) cannot be
positive in the asynchronous upgrading. Hence, if the connec-
tion tensor Sabe 1s restricted such that its components with

at least two indices the same are zero, N, ery;

S =0 , ba, Vp , (17)
rr

then the last two terms in (16) vanish, and we have the
result

Theorem 1: The energy (11), with S subject to (17), cannot
increase in asynchronous discrete upgrading.

This result is known [10], and it shows that the memory with
quadratic activation with the connection tensor S discussed
is stable in the asynchronous discrete model.

In addition to stability we require the absense of
spurious stable states, something that is much harder to
prove. We have such a proof for the case that the connection
tensor is given by

Nd

a.é‘gz —NC.Q S -nd )

c ar Ca 4,

S = h h  h - +
abe = o(aﬁo(Luc 2N‘£1£/‘{I’(18)

.
where QX are Hadamard vectors. The first term on the r.h.s.

of (18) has a strict Hebbian form; the last four terms have -
been added in order to satisfy the condition (17), while

retaining full symmetry. With (18), the activation (9)
becomes
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2 2
= -2 -(N -2N)d  +er , (19)
%L %;j2< E{a NXLYI ( ) <l a
where a 186Y
=h .
%( X X&

From (20) we have 2 2

2y =n", | (21)

pogi -3
where the orthonormality (Al) of Hadamard vectors has been
used. (21) and the fact that'ﬁ; has all + components has an

important consequence for a=1 in (19):

v, = ca . (22)
Choosing
cr, >0 . (23)
v, of (22) is positive, and herce, by (10),

1

% =+ (24)
(24) means that only half of the hypercube I ={—1,1}4’is
dynamically accessible to the DLS. In hardware, (24) is
implemented by omitting neuron a=1, and by connecting the Y,
signal line to the logica, "on" voltage.

The energy increment (16) due to a single Hamming
step in the p direction may be written

JE=—V4(;Y , {25)
r pa

where (17) has been used. Because of (24), steps in the 1
direction are not considered:

p¥l . (286)
The form (25) for the energy increment is reminiscent of the
energy increment in thermodynamics, xaand ngeing respec-

tively intensive and extensive variables. This typification
of variables is consistent with the observation that as the
neural net is scaled up in size, the signals zL keep their

magnitude range, while the activations generally scale
upward, due to the increase in number of signals to be
summed .

For future use we write the Hadamard transform ¢fy
of the step Jy "‘

e’ Jy =h % 27
AL, S (27)

with (13), (27) may be written
J =2e h . (28)

p b



STABLE POINTS OF THE DLS

We proceed to find the stable points. Calling

2
= h ; (29)
Qa;’& o q
and using (19), (13), ard (24), Eg.(25) may be written
a%l, cfE=—2e (Q +cr -2Ny ) . (30)
a a4 A a a

An alternate form for (30) is
af1, J E=-2e (Q +cr )-4N , (31)
[ = a [ & L

which is derived by using (14).
(21) and Q“'=+,\%d, have a consequence for a=1 in (29):

(32)

In preparation for a determination of the energy minima we
calculate bounds on Q . Define the index set

a
A= {x $0} (33)
§
and the disjoint pieces
A ={dllter & ho“=+} 1 (34)
and =(f | & A & ho(4=~} ’ (35)
where it is understood that the sets AY and A~ depend on the
index a. (29) may then be written as
2
e=2 y2 -5 y . (36)
a o of
% €A “eA-
One also has Zy'l:Nz, (37)
X

as can be shown from (20), the bipolarity of §f and the

orthonormality of the Hadamard vectors. (37) may be written

Na.=ZY: +Zy: : (38)

(36) and (38) imply €AY oea-

A 2
2ZZ}L= N + QQ , (3%)
€A+
2, 2
22‘3&— N - Qa: A (40)
<€A~

and since the left hand sides are nonnegative, this gives
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2

-N"<Q §N9‘
-

< (41)

p- 2
We need to clarify the attainment of the bounds--N and N in
(41). Anyone of these bounds is attained by qz, for some

-
index a, at the Hadamard points, with the exception of hl.
- el
This may be seen as follows. For y=h one has %x=0,¥/uuﬂe,
and y_=N. (29) then gives

Q =N h_ (42)

2
For (b=1 we have hla=+’va’ and it follows that Qa.=N , Va:
-
'v}‘=h‘ => Qq=N2, Va. (43)
For G,#l, 23 has + as well as - components, and (42) shows

that a2 = Ta 3 q=n%,
and P:’:/ — Fa » Q4=—N2 .
(42) further shows that

_a N
Q =", ‘v’p : (43)

Hence, when discussing the case Q =-N12, a=1l needs to be
excluded. 2 a

For Qa=-N the left hand side >f (39) is zero, and
hence the set A+ is empty. This implies that h =- for all
o€ in A. Therefore we have Xa

a1, Q=-N2 =>» h -, a4 , (45)
and e 2 Y5y

=N =+, ,

Q. = b, Vet € A (46)
as follows from a similar argument. The converse of (45) is
also true, since from hd =—, V€A, it follows that a%1l
and

a
= 2 __ 'L__R
QJZ;?L r&a‘;L' N

where (37) has been used. Hence we have

2
Lemma 1: a1, =—N"<&=> h =-,W A.
Lemma 1: Qa_ by e < &

Next, we calculate the Hadamard components %‘ given by (20).

Define the index set
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B={b|xb=—) . (47)
i ia® —Zhb+ h6 (48)
Then we may write (20) as %x— 1, %b_ o =
beB B
The Hadamard vectors chosen have the property (A8):
b
Zh = Nd . (49)
é ol 4]
b b
It follows that 2 n=nd -Z h , (50)
o of 1 o '
b¢B LeR
so that (48) vyields
y=NJ—QZh‘. (51)
-4 of <t
. 6eB
Suppose Q =-N , VaeB. Then, Lemma 1 and (51) give
@
A: =Nd  +2(N-W)/2 = NJ + N-W , (52)
o« € %{ 2y ( )/ =

where W=§ yé ' (53)

—
is the weight of the bipolar vector y, and (N-W)/2 is the
cardinality of the set B.

Hence we have
Lemma 2: Q_ 8%, Vager —> 3;(=NJ— +N-W, We & A,

There appear to be two cases:

Case 1: =1 & A, and Case 2:¢¢=1 ¢ A.

Case 1: =1 €A. Calculating y“ of Lemma 2, we have
P )
yl=2N—W=W, from (20), (53), and the fact that h‘ has all +
-
components. It follows that W=N, so that';=h', the all posi-
. —_ 2 :
tive vector. However, for y=h', one has Q =N by (43), in
a
2
contradiction with Q =-N of Lemma 2. Hence, Case 1 is not
a

possible within the premises of Lemma 2.

Case 2: of =1 é A. From (20) for =1 and (53) it follows that
W=0. Hence, forol*1l, the y_ of Lemma 2 is just N. With (37)

it follows that «2 2 2
N =2 Y“ =rN ’ (54)

< e
where r is the cardinality of the set A. Since (54) implies
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contains only a single element, saypm. It
=hr5 , and with Lemma 2 we may conclude
Q

. 2 e i
L =N Vae B == 7 is Hadamards#h,

. - -
The converse is also true, since for y=h ,@*1, we have zx=0,

r=1, the set
follows that

041:/5 , and yp=N, so that

=N h A (55)
RN
For index a such that y =h =— it follows that Q =-N
2} (54 a

Hence we have

— —
Theorem 2: Q =—Nz, Va > v =- <:‘_—£,> y is I«Iaclamarch}:hI

x a

With Lemma 1, this theorem also can be put in the form

Theorem 3: h =-, vo(eA and Va 3y =-
- a

L
= ? is Hadamarddh, .

The condition yq_=— in Theorems 2 and 3 implies that ea=+, by
(14). Using Q =-—Ng‘ and e =+ in (31) gives
p-3 a

c:).E=2N2 ~2cr_ =-4N . (56)
o =3

We want to choose the threshold arrangement, com-
prised by ¢ and ¥ , such that C E of (56) is positive for all

a involved, i.e., a such that eﬂ=+. This is the case if
cr <Nz—2N , (57)
@
and N>2 (58)

the dimension N is henceforth restricted in this manner.

We wish the left han_g side of (57) to be indepehdent of a;
this is the case if T is chosen as the all positive bipolar

"l—

=h . (59)

vector, i

With this choice, (57) becomes
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2
c<N -2N . (60)
For the Hamming steps considerec above we have %L=+. It
remains to investigate steps with %a=—, a$1l, made from a
Hadamard point. For y=h Nn . By (14), ¢ t
adamar oint. For y= , = . , for a ste
p Y 0o ‘{L (a Y - o
with e _=- we need y =h +, and hence Q =N . Substitution in
a a @~ P
{30) gives , 2
a$1, c‘J;'E=2(N +c-2N) . (61)

We want the energy increment (61) to be positive as well, for
all steps considered in this case, i.e., a such that e =-.

This reqguires that 2 -
c > -(N -2N) . (62)

(30) and (62) show that stability of the Hadamard points
requires the common threshold c¢ to satisfy the condition

2 2,
-(N -2N)< c <N =-2N . (63)

The upper bound is positive if (58) is satisfied. With (23),
(59), and the fact that h, has all positive components, we
can sharpen (63) to

P
0<c<N -2N . (64)

Hence we have

Theorem 4: For a quadratic Hadamard memory with asynchroncus
discrete dynamics given by (9) and (10), with connection
tensor (18), and a threshold c subject to (64), the

Hadamard points are stable equilibria.

It remains to be shown that a threshold c subject to (64)
exists such that there are no other stable points besides
Hadamard points. This is done by showing that the possible
values of qa_have a gap of magnitude 4N at the lower bound

—Nz. With (41) this implies that there is a gap of magnitude

8N at the upper bound of the energy increments dE. This means
@

that the threshold ¢ can be chosen such that the energy

increment gap straddles the origin. We then have the desi-

rable situation that for Hadamard points, and only for those,
E>0 Va#l; for any other points ?’there always is an index

a such that 4ﬁ<0. This, of course, shows that the Hadamard

points are the only stable points of the DLS. We proceed with
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the details of the outlined steps.

-—
By Theorem 2, for'§sHadamardfh‘ and for Hamming steps in

the direction a such that %&=+ (and therefore %1=—' by (14))
2
we have %1="N . Writiag
2 2
c=N -2N-K, 0<K<2N -4N , (65)
(56) gives
Jr=2x, | (66)
a
where (59) has been used. Vice versa,
JE=2K Va D e =+ :$> Q =-NQ-=$>§J is Hadamard#ﬁ (67)
q ’ q q ‘ !
where use has been made of (14), (31), (59), and Theorem 2.
Hence we have
-8 -— J
Theorem 5: vy is Hadamardfchl <> E=2K, b% = ¥z=— A (68)
- a

Next, we calculate the increment cﬂg. of %z' a41l, due

to a single Hamming step cﬁ? in the direction p#l. From (29)

one has
2
{Q =ZZ°, 4 ﬁ(hv(q +Z°( {X/ Ya LS9}

o

With (28), the first term in (69) may be written

2;2:§r2e g%}&4= 4?’§i:y

h h .
o A of °(°(,‘°°(4
The group property of the Hadamard vectors, discussed in the

Appendix, makes the (component-wise) product of two
Hadama»d vectors a Hadamard vector, 5N, ERL,

. o (71)

(70)

s h =nh
lof,e. ola o
where c=f(p,a); see (Al16). For the present purpose we do not
need to know what this function is. Since our proof of the
group property given in the Appendix requires that the dimen-
sion is a power of 2, N will henceforth be restricted in this
manner. Furthermore, in order that (58) be satisfied, the
power is restricted to be at least 2. Using (71) in (70)
gives

4e h 6 =4e N . 72

k??%x olc Yo iR

by applying the inverse of the Hadamard transform (20).

With (28) and (A7), the second term in (69) may be written




_.15._
2 425 2
D> Jv*n =D(2e,h. 'h =4)hn =0 , (73)
ola L f “p ol il
since at¥l. (72) and (73) give for the increment JQA of (69)
afl, p#¥1l, cSQ =4e, Ny . (74)
pa P
which shows that the only possitile values for ;{%— are +-4N.
With Theorem 2, (41), and the fact that any of fhe two bounds
2 2 . )
N and -N in (41) are attained by qﬂ for some agl, it follows

that for a%1 the range of Qaﬁis included in the set

2
{-N ,-N +4N,-N +8N, ... ,Nz) . (75)
With (31) and (66) this implies that the range of energy
increments E is contained in
a
2L
{2K, 2K-8N, 2K-16N, ...2K-8N } . (76)

(76) shows that the energy increment gap is 8N. The gap may
be placed symmetrically over the origin by choosing K such
that

2K~8N=-2K ; (77)

this is the case if K=2N . (78)
With (78) and (65) we have for the threshold
c=N2—4N . (79)

The symmetric placing of the energy increment gap maximizes
fault tolerance of the associative memory.
With (78), the energy increment range is contained in the set

(4N, —-4N, -12N, ...,4N-8N%. (80)

Theorem 5 together with,(78) show that only at Hadamard
pvoints the increments aE are positive for all steps with

%a=+' For other points ?ﬂ there always is a Hamming step

which gives a negative energy increment. With Theorem 1 it
follows that such points are not stable. Hence, we have
proved

Theorem 6: For the asynchronous discrete quadratic Hadamard
memory with connection tensor (18) and threshold (79) the
stable points are just the Hadamard points.

Evidently, there are no spurious stable states in
the quadratic Hadamard memory considered. In contrast, for
an N-dimensional Hopfield memory with N stored states, all
taken as Hadamard, every state is a spurious stable state,
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excepting of course the Hadamard states themselves.

It follows that an N-dimensional SRM with the DLS taken
as a quadratic Hadamard memory has perfect associative recall
of up to N bipolar stored vectors. The latter can be chosen
arbitrarily. There are 10 spurious states.

ALTERNATE SYSTEM

There is a variation on the system considered above,
which gives the same main results. In the ongoing research
we stumbled first upon the alternate system, and much
computer work was done in its exploration.

In the alternate system the connection tensor is
taken to have the strictly Hebbian form

- 81
Sabe Z:&‘%fkc’ (81)
without any of the subtractions of (18). The activation is
then simply
v =Q +c , (82)
a «®

where (59) has been used. With (43) we have

2
v =N +c ; (83)
if ¢ is restricted by (64), then v, is positive, and thus
Y =4 . (24)

as for the subtracted tensor.
The energy incrvement (16) involves the terms with Sa

rr

and SPPP , which must be calculated, since the connection
tensor is "unsubtracted"”. For these terms we find for p#1l
~ a " "
S4s vy =42 b ohoh oy =1) n = cand yeoany =-an
ajp el CRLT Y Z Ka A ]

by (A7) and (24), and

3
(8/3)y, S =(8/3)y (h_, ) =(8/3)y h, =(8/3)y NJ, =0,
(Y r % P PR Yy

since p#1. Hence, for the unsubtracted connection tensor (81)
and for p%l, (16) becomes

p¥1, *{E=—vq/§¥! -4N . (84)

a
Since v 75'% 20 by (10), and the extra term is negative, we
have
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Theorem 1': For the guadratic Hadamard memory with unsub-
tracted connection tensor (81), the energy (11) cannot
increase in asynchronous discrete upgrading.

The increment of the energy (11) due to a single Hamming
step in the direction a#l1 may also be written

a$1, dE=-2e (Q +c)-aN , (85)

where (82) has been used. Since (85) is identical to (31)
with (59), the arguments leading to Theorem 6 go through
for the alternate system, and we have

Theorem 6': For the asynchronous discrete model of the
quadratic Hadamard memory with connection tensor (81) and
threshold (79), the stable points are just the Hadamard
points.

COMPUTER SEARCH FCR STABLE POINTS

As a check on ?Bgorems 6 and 6' we have performed a search
for stable points y for a discrete quadratic Hadamard memory
of dimension-i@ The program involves a sea;ch for equili-
brium p01nts Yy of the hypercube I, ={-1, 1}'®. For each such
point y the activations (9) of the 15 neurons a#$l are calcu-
lated, and (10) is used to see if upgrading causes any change
in the signals y™ If there is no change, then ?‘15 an equlli—
brium point of the quadratic Hadamard memory considered. If y
is found to be an equilibrium p01nt a subroutine is called
which computes the energy (11) at ¥ and at all the neighbo-
ring points one Hamming step away from y If E(Y) is smaller
than the energy aﬁ_gach of these neighboring points, the
equilibrium point 'y is stable, in the discrete sense, and
the case is reported. The search extends over all 64K points
of the hypercube Ilé'

Programs have been run using the subtracted connec-
tion tensor (18), as well as the unsubtracted tensor (81).
For both cases, the computer runs show as only stable points
the Hadamard points, in agreement with Theorems 6 and 6'.

CONNECTIONS IN THE QUADRATIC HADAMARD MEMORY

There is a practical concern about the number of
physical connections required in ithe quadratic Hadamard
memory. Physical connections are required between neurons a,
b, and ¢, if Spbe 30. Fortunately, for Sq‘c given by (18)
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or (81), most components are zero. This is due to the group
property of the Hadamard vectors.

For the connection tensor given by (81):

TR SIS (61)

the product of two Hadamard vectors may be replaced by a
single Hadamard vector, by virtue of the group property
discussed in the Appendix:

}kéh“0=qxd', ; (86)

where d=f(b,c) is the structure function of the group.
Substitution in (81) and using the group property once more,

qthdd=q*e R (87)
e=f(a,d), gives
Sp4e =2 B =Nd , (88)

o e el

where (A7) has been used in the last step. (88) shows that®
%aéc is nonzero only for e=1. By (87) this requires that

a=d, (89)

as follows from the material on the Hadamard group shown in
the Appendix. It follows that Saéc is nonvanishing only if

a=f(b,c) . (90)
Hence we have
Theorem 7: For connection tensor (81) the quadratic
Hadamard memory requires N:zphysical connections; each of

these has the weight N.

For the subtracted connection tensor (18) the number of
nonvanishing connections is further reduced by N, the number
of pairs (b,c) for which b=c. Hence we have

Theorem 8: The quadratic Hadamard memory with subtrac-ed

connection tensor (18) requires NQLN physical connections; all
of these have weight N.
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The quadratic Hadamard memory, serving as a DLS in our
SRM, achieves the desirable absence of spurious states by
using quadratic activation. It is fortunate that this can be
done without the proliferation of physical connections which
usually accompanies higher-order neurons [9]. The fact thet
all the nonzero weights have the same value N very much
simplifies the DLS hardware: the interconnects may be taken
just as wires, since the factor N is not essential.

The main complication facing us is the implementation
of the signal product operation required for computing the
quadratic activation. Such signal multiplication can be done
with a field effect transistor which is made to operate in
the unsaturated region. The details of this operation need
to be studied. It is expected that considerable deviations
from a strict product can be permitted, because of the fault
tolerance of the quadratic Hadamard memory.

COUPLING RBETWEEN BLT AND DRLS

The forward-stroke output Gfof the BLT must be
coupled to the DLS in such a manner that the DLS can extract
the dominant Hadamard vector in ™. We have been deliberately
vague about this coupling, for the following reason.

The BLT forward-stroke output73 is generally not
bipolar. However, the BLT model used 1n this report is
dlscrete, so that the BLT signal state y is bipolar. Hence,
T cannot be used as initial value for y of course, one could
threshold @ and apply the result as initial ¥. That would be
a pity though, because in the thresholding the fidelity of
the Hadamard expansion comprising'ﬁ would be lost. TW must be
coupled to the DLS in some other way. We have found how to
do this, but the description requires the continuum model
which allows 7 to have as components real numbers in the ]
range between -1 and 1, and accounts for input capacitance ]
and resistance of amplifiers. In this model, the DLS
dynamics is described, in normalized form, by ]

6 ¢

o~

Y, =s(7 ) . (92)
where the dot denotes differentiation wi ‘cspect to time,

and s is a sigmoid function. The forward counllng between

BLT and DLS can be_grranged such that /¢u is applied as
initial value for v, g« being a coupling constant. Choosing se
is a delicate matter which will be discussed in a future
report entitled "Quadratic MHadamard Memories II". This
report will deal with the continuum model of the SRM, the
DLS, and of the entire system, SRM.
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APPEND1X

Hadamard vectors

In the report we use bipolar vectors which form
an orthonormal set. A matrix, the rows of which are such
vectors, is called a Hadamard matrix {13]. Such a matrix is
orthogonal, up to a scalar factor N, the dimension. Hadamard
matrices have an important application in optimal multi-
plexing [13]; they are used in spectrometers and imagers in
order to improve the signal-to-noise ratio. Optics employing
this method is called "Hadamard transform optics" [13].
Hadamard matrices are alsoc used in error-correcting codes
[13]. It is no* surprising that they can be used to advantage
in neural nets as well.

The rows of a Hadamard matrix are here called
"Hadamard vectors". They are special elements of the hyper-
cube that form an orthogonal set. [The N-dimensional Hadamard
vectors used here are denoted by hN, & =1 to N. Labeling the
vector components by the index b=1 to N, the Hadamard matrix

b
with rows Qx has the elements %x . The orthonormality of the

Hadamard vectors is expressed by

X, b_ b ,
AT g =N d ", (A1)
where ¢£6 is the Kronecker. From (Al) and the linear inde-

pendence of *he Hadamard vectors a second set of orthonorma-
lity conditions can be derived:

W on%on & (A2)

ah@ (]

For use in this report we restrict the Hadamard matrix to be
symmetric, and to have their first components equal to +. For
dimensions N that are powers of 2 there are the so-called
"Sylvester-type Hadamard matrices" [13], which are defined
recursively by the scheme

( H, H)
Eo=( Y " (A3)
2N ( HA/ ~-H,)
g =(37). (Ad)
2

For example, the Sylvester-type Hadamard matrix of dimension
16 is shown below.



+ + + + F A+ + o+
+ =+ =+ - 4+ -+ -+ -+ - 4 -
+ + = -+ + - =+ - = F e = -
+ - -+ - - 4+ - -+ 4+ - +
. R e T (U
+ =+ - - - 4+ - 4 - -+ -+
+ + - - - - 4+ + o+ = - = =+ o+
+ - =+ -+ 4+ -+ - -+ -+ + -
H = T T T S e S e (AS5)
16 + - + =+ - 4+ - -+ -+ -+ - ¢
I T S e T T
+ - = 4+ 4+ = =+ - b - - 4 -
I S T S T SN S s
+ -+ - -+ - 4+ + -+ o+ =+ -
+ + - = = =+ = =+ o+t = -
+ - = 4+ = 4+ 4+ - - o+ -+ - - +

There is a second type of Hadamard matrices. These
matrices are constructed from so-called cyclic S-matrices
[(13], and they exist only for certain dimensions N, including
all powers of 2. The construction of the matrix starts with
choosing the first Hadamard vector to have all components +.
The remaining N-1 Hadamard vectors are found by taking their
first component as +, and by taking the remaining N-1 compo-
nents as left shifts of a special N-1 dimensional bipolar
vector z,,_, , the construction of which is discussed by
Harwit and Sloane [13]. They also show a list of such vectors
for several small values of N. Some examples, taken from [13]
are:

N-1 Z et

3 -+~

1 ———t—t+

11 ——t

15 e e o e A

The Hadamard matrix constructed from z for N=16 is

+

+ + +
|
+ + +
+
|
!
+
1
+
i
!

l
l

+ o+ + 4+
|
t
+ +
|
|
+
i
+
1
|
|
|

+ +
+ +
I+ + +

I+ +
]
]
+
[
+
1
I
I
+ + + 1
+ ++
I+ + +
+ +

(A6)

+ + +
+ + +
I+ + o+

+ +
+ +

+ +

+ + +
!
+ o+
+ +
'
I
s
1

+
1
'
[
+ + + i
+ + +
I+ + +
+ 4+
+ o+
|
t
¥
]
4
I

o
++t++ o+
|
+
I
+
[
I
i
|

|
I
+
+ 4+

i
15
5.
t
1
+
i
A
t
1
|
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One has (see [13]),

Theorem Al: If N is a power of 2, the ¥Wudamard matrix con-
structed from a cyclic S matrix can be transformed into a
Sylvester-type Hadamard matrix by permutation of rows and
of columns.

This theorem is mentioned here because it will be needed

—d
below. For the Hadamard vectors h, used in this report, we
have

h =Nd, (A7)

"

by the symmetry of the Hadamard vectors used here, this may

also be written as
2. h =nd . (A8)
a. %a ol
Grcip property of Hadamard vectors
For dimension N=2 , k natural, we have the Sylvester

construction of Hadamard vectors, as discussed above. The
component-wise product of any two such Hadamard vectors is

a Hadamard vector:
= 0 (A9)

h
where Q’=f(o(,(e.) . This may be shown by induction, as follows.

h, =h ;
< 0
:EF property_polds for N=Z2, since by (A9) we have then
h'=++, and ham+—, and (A9) is true, as can be seen by
inspection.
Assume that the group property holds for Sylvester-type
Hadamard vectors of dimension N, a power of 2. Construct a

2N-dimensional Hadamard matrix by means of the Sylvester
construction:

|
H = e (A10) |
|
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where %Uis the Sylvester-type Hadamard matrix of dimension N.
é

Consider an index pair v(,(} to be used in the product hcf ?}on

the left side of (A9). We have the following cases
(see Fig. 3):

b

——
1)< N ,(bSN. This means that the Hadamard vectors h’( and 1}_s

both lie in the upper half of the matrix (A10). Since the
group property holds for H/V' = b’_<_N 2 (A9) holds for b=l

to N. But for the upper half of ij' the matrix %U,of the left
half is repeated on the right, h:’= Q;V+é b=1 to N. It follows
that (A9) is true for all b=1 to 2N.

—D —t
2) G>¢L‘3>N. Hadamard vectors h, and h_ then lie both in the

ot e
lower half of HRN' Since the group property holds for dimen-
sion N, F ¥y > N3 (A9) is true for b=1 to N. But, in the lower
half of H we have
AN } (==_ h/w—.é
u of
C C (o
Hence, for c=N+1 to 2N, =-h
foc B TR
Subtract N from 3’ y )’—N Then,
for b=1 to N, a, d}' .,
and for b=N+1 to 2N, 8__——h<r , because of the

block structure (A10). It follows that for all b=1 to 2N we
have b L

; hence, (A9) is true for dimension
2N in this case. (s d‘

3)ol N, > N. Let o =N+« . Then, T y>N such that,

for b=1 to N, llé 5 =h b . (All)
, € T
Let A =f-N. Then,
a‘ b’ b &N, h f’=h 5 ,
de NL
h,7=h ’
and (All) gives ¥ éh h b (A12)
1 = /
“
For c>N, we have h €=~h,c,
of ol
< ¢
h +1==h ,
r ¢
and (Al1l) gives B ShE%n (A13)
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(A12) and (Al1l3) give
& & a

H{ h@,=ho_/.

Since the product in (A9) is commutative, the remaining case,
<D N,PfN reduces to case 3).

a=1 to 2N, (A14)

Hence, the group property (A9) holds for dimension 2N. By
induction it follows that the property holds for all
Sylvester-type Hadamard matrices.

In the DLS, we hfve used the symmetric Hadamard
matrices constructed from cyclic S matrices. By Theorem Al,
if N is a power of 2, these matrices can be transformed to
Sylvester-type matrices by index permutations. We just have
shown that for the latter type Hadamard matrices the group
property holds. Index permutations do not affect the group
property. Hence we have ‘

Theorem A2: For dimensions that are a power of 2, the
Hadamard vectors constructed from cyclic S matrices form a
group under component-wise multiplication.

We call the group under discussion the "Hadamard
group"”. In this group, the first Hadamard vector, which has
all components +, acts as the identity. Every Hadamard vector
is its own inverse. The function )’=f(d ,@) which gives the
"product index" ¥ for any pair of "factor indices" o, (3 may
be called the "structure function" of the group. Since the
component multiplication in (A9) is commutative, the Hadamard
group is abelian.

Since the Hadamard matrices used here are symmetric,

the group property may also be expressed as

« b 4
10‘ d“ho‘ ’ Vd ’ (Ale)

with c=f(a,b).
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